We present a family of non-stationary subdivision schemes taking the exponential quasi-spline as the basic limit function. Reaching up to interpolatory refinable functions, the exponential quasi-spline generalizes the exponential B-spline. The associated non-stationary subdivision scheme can reproduce the desired number of exponential polynomials. Due to the built-in parameter permitting a wide range of tension control, our scheme can avoid the undesirable artifact generated by usual non-stationary interpolatory schemes on the irregularly spaced region of control points. Under a natural condition on the rate of convergence of the shape parameters, all the subdivision schemes in the family have the same smoothness and approximation order as those of the asymptotically equivalent stationary schemes. We present numerical examples to verify that our subdivision schemes have high flexibility and versatility in design.
INTRODUCTION
Subdivision scheme is a good tool for generating smooth curves in many areas such as computer-aided geometric design, surface reconstruction, and signal/image processing. By recursive application of refinement rules, a subdivision scheme produces a denser sequence (or set) of control points from the initial coarse one so that its recursive application generates the smooth limit curve. The denser sequence is obtained by convolving the upsampled coarser one with a sequence of numbers, called as subdivision mask. To be specific, the denser sequence f k+1 is generated by refining the coarse one
The sequence a
n ∈ R : n ∈ Z} is termed as the subdivision mask at level k. To simplify the presentation of a subdivision scheme and its analysis, it is convenient to assign to each rule a
[k] the z-transform
n z n which is called the symbol of the scheme. When only a finite number of coefficients a
n are nonzero, the z-transform is a Laurent polynomial. A subdivision scheme is said to be stationary if the masks are the same regardless of the level k, and otherwise, non-stationary. Stationary subdivision schemes have been intensively studied by lots of authors in the literature. Stationary schemes associated with the B-splines were dealt in [3, 6] . A general treatment of stationary schemes can be found in the selected references in [4, 11, 16] . The polynomial reproduction property was investigated in [5, 14] . The interpolatory schemes were the main issue in [8, 13] . A family of stationary schemes reproducing cubic polynomials was investigated in [19] .
The refinement processes {S a [k] } come to yield a smooth (or limit) curve at infinity. A subdivision scheme is said to be C 0 (or convergent) if for any initial data f 0 = {f 0 n : n ∈ Z} ∈ ∞ (Z), there exists a function f ∈ C 0 (R) such that for any compact set K in R,
and f is not identically 0 for some initial data f 0 . In particular, the so called basic limit function is obtained from the Dirac delta sequence f 0 = {δ n,0 : n ∈ Z}. A non-stationary subdivision is said to reproduce an exponential polynomial ϑ if the scheme {S a [k] } is convergent (i.e., C 0 ) and
for the initial data f 0 n = ϑ(n) with n ∈ Z. Among the many common criteria for convergent stationary subdivision schemes, a most important one is the ability of reproducing polynomials. Such schemes generate (or approximate) curves very accurately with the corresponding approximation order, but they have a limitation in representing circular shapes, spirals or parts of conics which are important analytical shapes in geometrical modeling. This limitation can be overcome by non-stationary schemes which can reproduce or generate such families of trigonometric (or exponential) polynomials and sections [1, 2, 7, 15, 17, 18, [20] [21] [22] [23] [24] . The most familiar examples of such schemes are subdivisions of exponential B-splines and interpolatory schemes. However, the exponential Bsplines with a suitable normalization factor can reproduce at most two independent exponential polynomials-without a suitable normalization factor the exponential B-splines may not reproduce any exponential polynomials [23] . On the other hand, the interpolatory scheme provides the high approximation order, but it is usually less smooth than exponential B-spline, when they are based on the same exponential polynomial space. For instance, the 4-point non-stationary interpolatory scheme generates C 1 curves, while the third order exponential B-spline is C 2 . In view of the above discussion, there is a need for non-stationary subdivision schemes that extends the exponential B-splines and interpolatory schemes, while overcoming their drawbacks at the same time. To this end, this study proposes a new class of non-stationary subdivision schemes that extends the exponential B-splines, but reproduces more exponential functions. Specifically, our scheme has the following desirable properties: We provide an algorithm to construct a non-stationary scheme reproducing a certain set of exponential polynomial, from B-splines to interpolatory schemes. Hence, it yields a larger family of non-stationary schemes including B-spline and interpolatory schemes. Besides, other than the existing non-stationary schemes, our schemes are equipped with a special parameter to control the local effect of the masks. Due to this parameter, we can avoid the artifacts generated by the non-stationary interpolatory schemes.
